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Introduction
Using massive tadpole diagrams significant progress has been made in the improved prediction of various physical quantities. They have, e.g., contributed to an amazingly precise relation between quark masses (in particular the top-quark mass M t ), the mass of the Higgs boson, M H , and the masses of the gauge bosons, M W and M Z . Three-and even four-loop corrections have become accessible during the past years. Direct and indirect measurements are well consistent, at least within the current world average M t = 173.21±0.51±0.71 GeV [1] and M H = 125.7 ± 0.4 GeV [1] . Current-current correlators, evaluated in three-and partially four-loop approximation are thus an indispensable tool for tests of the Standard Model (SM), as we will discuss in more detail in Section 2.
The evaluation of three-and even four-loop tadpole diagrams is directly related to the evaluation of moments of the charm-and bottom-quark correlators. These may in turn lead to a precise determination of corrections are dominated by the quadratic dependence on the mass of the top quark M t , the logarithmic dependence on the Higgs boson, M H , and, to a lesser extent, also on the masses of the remaining quarks m q and leptons m :
A slightly different version of the same equation
makes the presence of the electroweak corrections even more transparent. This equation can be rewritten and simplified even further by separating ∆r into a piece which is dominated by weak effects and another one which is dominated by electromagnetic effects, mainly due to the running of the electromagnetic coupling ∆α (see Refs. [4] and [5] for three-and four-loop corrections, respectively). Furthermore, it is convenient to separate the leading M 
Here ∆ρ = 3G F M 2 t /(8 √ 2π 2 )+. . . incorporates the dominant weak terms evaluated in leading order by Veltman [6] nearly 40 years ago.
It is the aim of ongoing and of future theoretical studies to compete with the precision anticipated for the next round of experiments. The present precision and the precision anticipated for the future (as far as δM W and δM t are concerned) are given by As it turns out, the relative shifts of M W and M t are just of the right order of magnitude to explore the sensitivity towards radiative corrections. This is seen most clearly by considering the shift in M t that is compensated by a
keeping α(M Z ), M Z and M H fixed. Let us now recall the development of the theory predictions for ∆ρ during the past one or two decades.
Early results related to the two-loop approximation can be found in Refs. [7, 8] . These papers are based on the approximation M In contrast to the pure QCD problem (see Section 3) with only one mass scale being present (and which can therefore be expressed in closed analytic form) here The results for the shift in M W and the effective weak mixing angle are shown in Fig. 4 for the four contributions which are most relevant. The terms proportional to X t and X t α s must be taken into account in any sensible analysis and amount to a shift in δρ of order 0.00865.
The two-loop piece proportional to X 2 t is of the same order as the three loop piece, proportional to α 2 s X t . The purely weak term proportional X 3 t is negligible now and in the foreseeable future, the term proportional to α s X 2 t is just below the present sensitivity.
Four-loop QCD contributions
Two-and three-loop QCD corrections to ∆ρ have been computed in Refs. [11] [12] [13] [14] [15] [16] about 20 years ago. As stated above, since several years it is now possible to push the predictions for the ρ parameter to the fourloop level. This requires, on the one hand, the relation between pole-and MS mass in three-loop approximation [17, 18] and, on the other hand, the evaluation of about fifty four-loop tadpole diagrams. This has been achieved by a combination of analytically methods, difference equations and semi-numerical integration [19] [20] [21] . In a first step this has lead to the four-loop result for the ρ parameter in the MS scheme
The first term has been evaluated in Ref. [22] , the second one, which (in the MS scheme) leads to a reduction by a factor of about 1/2, in Refs. [19, 20] . For the numerical evaluation the translation from the MS to the pole mass is more convenient and one finds
which corresponds to a shift in M W by about 2 MeV, similar to the three loop term of order α s X 2 t .
Charm-and bottom-quark masses
The precise determination of the charm-and bottomquark masses from relativistic four-loop moments can be considered as one of the truly remarkable successes of quantum field theory with remarkable agreement between perturbative [2, 3] and lattice methods [23] [24] [25] . Let us first give a more detailed motivation, then present the theoretical framework and finally compare the results based on perturbative and lattice methods.
Precise bottom quark masses enter many B physics quantities. During the past years significant progress has been made on the one hand in the analysis of Bmeson decays and, on the other hand, the Υ spectroscopy. In particular the latter has led to a fairly consistent result of m b (m b ) = 4.193
+0.022
−0.035 GeV [26] (see also Ref. [27] where m b (m b ) = 4.169 ± 0.009 GeV has been obtained) in excellent agreement with the result based on sum rules discussed in detail below.
Let us further motivate the need for precise quark masses for the case of the bottom-quark mass, which enters a number of physical observables. Most prominently, we want to mention the decay of a Higgs boson into bottom quarks which, using the scalar correlator to five-loop precision [28] , can be written in the form
The theory uncertainty, which is generously taken from a variation of the scale parameter between M H /3 and 3M H , is reduced from 5 for the four-loop to 1.5 for the five-loop result. Thus, the main uncertainty is induced from the uncertainty of the bottom quark mass which (at energy scale 10 GeV) is given by [3] m b (10 GeV) = 3610 − α s − 0.1189 0.002
The running from 10 GeV to M H depends on the anomalous mass dimension γ m , the β function and on α s . With the present knowledge (i.e. four-loop anomalous dimensions as implemented in RunDec [29, 30] ) one finds
It is interesting to investigate the effect of the fiveloop anomalous dimensions. Taking into account the γ m to five-loop accuracy [31, 32] together with β 4 , the five-loop contribution to the β function of QCD, which is still unknown, one obtains the following uncertainties
which lead to an uncertainty of a few MeV in m b (M H ) which is small compared to the current error shown in Eq. (10).
Another motivation which also points to a precision around 10 MeV is based on the picture of Yukawa unification. In this approach λ τ ∼ λ b ∼ λ t at the GUT scale. In effect this implies δm b /m b ∼ δm t /m t . Assuming a precision of the top-quark mass δm t ≈ 0.5 GeV then leads to a precision of δm b ≈ 10 MeV, consistent with our finding below.
SVZ sum rules, moments and tadpoles
The main idea originally advocated in Ref. [33] is based on the observation (cf. Fig. 5 ), that the cross section for hidden (J/Ψ plus Ψ(2S )) plus open (DD plus resonances) charm production is well described by perturbation theory, if the analysis is restricted to sufficiently low moments. Let us first recall some definitions. The two-point correlation function
is related to the electromagnetic current j µ as follows
In fact, we are only interested in lowest moments of Π, corresponding to the first few terms of the Taylor expansion of Π(q 2 ):
where Q q corresponds to the charge of the considered quark. Here z = q 2 /(4m 2 q ) and m q = m q (µ = m q ) is the MS mass at the scale µ = m q . Let us, for definiteness, restrict the following discussion to the charm quark, i.e., q = c.
For the moments one finds
if the renormalization scale is set to µ = m q or
if one is interested in the generic form with
. The next-to-next-to-leading order calculation had been performed already nearly twenty years ago [34] [35] [36] and is available for all four (vector, axial, scalar and pseudoscalar) correlators. The original evaluation was up to n = 8. More recently, this has been extended to n = 30 [37, 38] . Now this project has been pushed to N 3 LO, and the results will be described in the following. In a first step the n 2 f contribution has been computed for C 0 and C 1 [39] , then the complete result became available. The reduction of the many different diagrams has been performed to 13 master integrals, shown in Fig. 6 , using the Laporta algorithm [40] . Subsequently these 13 remaining integrals are evaluated, using originally a combination of numerical and analytical, now purely analytical methods. The reduction of hundreds of integrals to master integrals has been achieved, originally for C 0 and C 1 [41, 42] , subsequently for C 2 and C 3 , using the program Crusher [43, 44] . In the meantime all master integrals are known in closed analytic form to high order in ε, using results by a number of different authors (see Refs. [45] [46] [47] [48] and references therein). The results for C 4 up to C 10 are known approximately, using an approximation based on additional information from low energies (q 2 = 0), from threshold (q 2 = 4m 2 ) and from high energy [49] [50] [51] . Closely related results are also known for axial, scalar and pseudoscalar correlators [44, 50, 52] . These can be used for the investigation of correlators on the lattice [23] and will not be investigated further in this more phenomenological study. The heavy quark vector current correlator for q 2 m 2 has also been determined in the large β 0 limit [53] in order to study the large-order behaviour.
The moments are directly related to measurements as follows. From theoretical considerations one finds
where the quantity C n depends on α s (µ 2 ) and ln(m 2 c /µ 2 ). As default value for µ we use µ = 3 GeV.
To obtain experimental moments one considers the correlator given by
which leads to
Imposing the constraint M exp n = M th n leads to m c at the scale µ = 3 GeV, a result that could be easily translated to arbitrary values of µ. Let us first discuss the ingredients for charm, and then for bottom quarks. The results for the electronic widths of J/Ψ and Ψ are taken from the combination of BES, CLEO and BABAR experiments, and for the continuum R(s) from BES. For the charm case there is also a non-perturbative contribution which is, however, negligible for the three lowest moments and remains relatively small even for the fourth. A careful investigation of non-perturbative terms combined with the extrapolation of R uds as well as R c in the region sufficiently far above the respective threshold leads to a remarkably consistent result, with errors on m c (3 GeV), as extracted for n = 1 to 3, below 20 MeV. The result for the moments individually split into contributions from the narrow resonances, threshold and continuum region is shown in Tab. 1. R(s) around the charm threshold region is shown in Fig 7. In particular we observe a remarkable consistency between the results for n = 1, 2, 3 and 4 and a relatively small shift when moving from three-to four-loop approximation (cf. Fig. 8 In taking the lowest moment as our final result we find [3] m c (3 GeV) = 986 ± 13 MeV.
When converted from µ = 3 GeV to the scale m c , this is modified to m c (m c ) = 1279 ± 13 MeV, nicely consistent with other determinations [23, 24] . The robustness of our result is demonstrated in Fig. 8 , where the results are compared for different orders O(α i s ), with i=0, 1, 2 and 3 and for different moments, with n varying between n = 1 and n = 4. The result can be compared to those from a large number of results, which are based on various different observables. [67] , the threshold region (10.618 GeV-11.2 GeV) [68] and the perturbative continuum (E > 11.2 GeV). For the lowest moment the latter gives the main contribution, starting from the second moment the resonance and the threshold regions are again dominant. In particular moments number two and three offer a fair compromise between smallness of the error and the contribution of the threshold region. Significant progress has been made between the first measurements of CLEO [69] and the more recent one by the BABAR collaboration in particular in the continuum region. As expected [2] the original CLEO result is too large by a factor around 1.3 but reproduces well the qualitative behaviour. The more recent BABAR result [68] , however, is significantly more precise and well in agreement with the expectations for the continuum, based on the parton cross section. Let us note in this connection that the original BABAR result for R b (s) has to be deconvoluted with respect to initial state radiation (ISR), a fact that leads to a slight shift of R b (s).
The results for the bottom quark mass for the lowest four moments are given in Tab. 4 [3, 61] . . The three inner columns give the uncertainty due to the error in the experimental moments (exp), the uncertainty due to the error in α s and the uncertainty due to the residual scale dependence µ. The second to last column gives the total uncertainty. All masses and uncertainties are in units of MeV.
The consistency, when comparing the results for the lowest four moments is very close to the one from 2007 [2] , where only estimates were available for the four-loop term of n = 2, 3 and 4. Furthermore, only recalibrated results for the continuum corresponding to the aforementioned factor 1.3 were available. The result for m b (m b ) can also be compared to those from other studies in Fig. 10 [1-3, 24-27, 58, 61, 65, 70-73 ]. Although somewhat towards the low side, the result are well compatible with those of earlier investigations. In Fig. 11 the results for the charm and bottom quark masses as obtained from the low-moment sum rules [2, 3, 58, 61] are compared with the numerical values proposed by the PDG for the years between 2000 and 2014. It is interesting to note that the extracted mass values, which were first based on three, later on four-loop perturbative input, remained rather constant whereas the PDG numbers seem to converge towards these results.
Further applications of massive tadpoles

Decoupling function at four loops
In many QCD applications the mass of a heavy quark m is much larger than the characteristic momentum scale √ s of a considered physical process. As a result these different mass scales involved in the process can lead to potentially large logarithms like log(µ/ √ s) or log(µ/m) when using an MS-like renormalization scheme. In such a situation one can not set the renormalization scale µ to two different mass scales simultaneously, so that a proper choice of µ in order to avoid large logarithms is not possible anymore. However, by "integrating out" the heavy quark field one can construct an effective field theory with n l = n f − 1 light quarks only, where n f is the number of quark flavours.
The MS coupling constants α (n f ) s and α (n l ) s of the quark-gluon interaction in the full n f -flavor QCD and the effective n l -flavor one are different and are related by the decoupling function ζ g (µ, α
At leading order the decoupling function is equal to one, but receives corrections in higher orders of perturbation theory. This matching condition for the MS strong coupling constant α s at a heavy quark threshold has been computed in Refs. [74, 75] 
where
with the gluon G and ghost c vacuum polarization
Gcc (p, k) is the one-particle irreducible part of the amputated Green's function, where p and k are the outgoing four momenta of the fields c and G, respectively. The computation of these functions leads again to the evaluation of tadpole diagrams up to four-loop order. The four-loop contribution can be expressed in terms of the 13 master integrals shown in Fig. 6 . The renormalized decoupling function is obtained from
where (Z g ) 2 is the renormalization constant of the strong coupling constant.
The decoupling function plays an important role in testing QCD by running the strong coupling to different energy scales. For example, the strong coupling α s (m τ ) can be measured at the scale of the τ-lepton mass m τ . In the next step one can run this value to the scale of the Z-boson mass M Z by using the proper running and decoupling at the heavy charm-and bottomquark thresholds and compare it to the experimentally measured result of α s (M Z ). This procedure provides thus an excellent test of QCD asymptotic freedom. The four-loop contribution to the decoupling function leads to a reduction of the matching-related uncertainties in the evolution of α s (m τ ) to α s (M Z ) by a factor of two [74, 75] .
Higgs-gluon coupling to N 4 LO
Gluon fusion is the dominant production mechanism of the SM Higgs boson H at the Large Hadron Collider (LHC), where the leading order process is already at the one-loop level and the Higgs boson is produced by the fusion of two gluons through a heavy top-quark loop. The decoupling function enters in this context as an important building block since it can be used to derive the effective coupling of the Higgs boson to gluons via the following low-energy theorem
C 1 enters into an effective Lagrangian
in QCD with five flavours, where the top mass dependence is contained in C 1 . The symbol G F is the Fermi constant, and [O 1 ] is the renormalized form of the op-
aµν is the gluon field strength tensor. The prime indicates that the object is in the effective five-flavour theory and the superscript 0 denotes a bare quantity. Using the four-loop result for ζ 2 g of Refs. [74, 75] allows to determine C 1 in four-loop approximation, which confirms the result of Ref. [76] in a completely different and independent way. With the help of the anomalous dimensions even the five-loop contribution to C 1 has been predicted [74, 75] up to unknown five-loop n f -dependent terms of the β function.
Decoupling of heavy quarks from the running of the fine structure constant
In complete analogy one can determine from the massive photon vacuum polarization function the photon decoupling function ζ 0 gγ
The three-loop results of Ref. [76] have been extended to four loops in Ref. [77] . Starting from three-loop order there arise also diagrams where the external photon couples to massless fermions with the insertion of a heavy fermion loop. At four-loop order also singlet type diagrams arise for the first time, where the photon couples to two different fermion loops. Some example diagrams are shown in Fig. 12 .
Higgs boson decay to photons
The photon decoupling function can be used to determine higher order QCD corrections to the partial decay width of the Higgs boson into two photons (γ). The amplitude of the partial decay width H → γγ
consists of two parts, a purely bosonic part A W (τ W ) and a purely fermionic part A f (τ f ) with τ W = M and
Higher order QCD corrections modify the fermionic part A f (τ f ) of the amplitude. The top quark gives a dominant contribution to the amplitude A f ( f = t), since it is the heaviest fermion in the SM. In the heavy top-quark mass limit one can again describe the Higgs-photon-photon interaction in terms of an effective Lagrangian approach
with the vacuum expectation value v 0 and the field strength tensor F 
This approach allows one to determine the leading contributions in the heavy top-quark mass limit to the Higgs-boson decay into two photons, where the external photons couple to the same heavy fermion loop, the so called non-singlet contributions. At three-loop order in perturbative QCD the nonsinglet contributions to the decay H → γγ have been computed in Ref. [78] 2 . The singlet contributions have been added in Ref. [79] , where also additional power corrections of higher orders in M 2 H /(4M 2 t ) were calculated. The singlet contributions appear for the first time at three-loop order. An example diagram is shown in Fig. 13 .
In Ref.
[76] C 1γ has been determined at four-loop order in the effective Lagrangian approach with the help of the knowledge of the anomalous dimensions. This result was subsequently also obtained independently through the calculation of the four-loop order of the decoupling function ζ gγ in Ref. [77] , where also the corresponding five-loop contributions were determined, with the help of the anomalous dimensions. Some example diagrams at four-loop order are depicted in Fig. 14. 
Conclusions
The systematic investigation of four-loop tadpole integrals started about a decade ago. In this article we have briefly touched the techniques which have been developed to perform the reduction to master integrals and to obtain results for the latter. Furthermore, we have described in some detail the most important applications. Among them are four-loop corrections to the electroweak ρ parameter, the precise determination of charm and bottom quark masses and the decoupling constants in QCD. The latter have a close connection to Higgs boson production and decay into gluons and photons which has also been elaborated.
